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We calculate a topological invariant, whose value would coincide with the Chern number in the case of integer
quantum Hall effect, for fractional quantum Hall states. In the case of Abelian fractional quantum Hall states,
this invariant is shown to be equal to the trace of the K-matrix. In the case of non-Abelian fractional quantum
Hall states, this invariant can be calculated on a case by case basis from the conformal field theory describing
these states. This invariant can be used, for example, to distinguish between different fractional Hall states
numerically even though, as a single number, it cannot uniquely label distinct states.
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It is well known, following the pioneering work of
Thouless et al. [1], that the Hall conductance of a free
fermion system is an integer valued topological invari-
ant, in units of e?/A. In recent years the concept of
topological invariants was generalized to a far larger
variety of free electron systems, termed topological
insulators [2], and a plethora of topological invariants
for free fermions in a variety of spatial dimensions was
proposed and classified [3]. These invariants are usu-
ally written in a form specifically adapted to noninter-
acting fermionic systems. For example, they are typi-
cally expressed in terms of single particle Bloch waves
of the underlying noninteracting Hamiltonians. The
topological invariant for the integer quantum Hall
effect is the Chern number characterizing the bands of
free fermions moving in a two dimensional space.

At the same time, it is now well understood that
these topological invariants can be reexpressed in
terms of single particle Green’s functions [4]. In this
form, they are defined even if interactions are switched
on. Their existence reflects the topology of the
Green’s functions. However, a topological invariant
written in terms of Green’s functions no longer corre-
sponds to a response to an external perturbation. For
example, the Chern number reexpressed in terms of
Green’s functions, once the interactions are turned
on, is no longer necessarily equal to the Hall conduc-
tance (although they remain equal if the interactions
are weak [5], within the integer quantum Hall state).
Nevertheless, they retain certain physical meaning
thanks to a relationship between the topological
invariants in the bulk and at the edge, first derived by
G. Volovik in case of the Chern number type invariant
[6], and subsequently generalized by the authors to a
larger class of invariants in a variety of spatial dimen-
sions in [7]. The edge of a topological insulator is gap-
less and therefore is not an insulator; the edge invari-
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ant is of the type used to characterize topological
(semi)-metals such as the one studied in [8]. The pre-
cise correspondence between the edge and the bulk
invariants is described in [7].

Here we will use this bulk-boundary to calculate
the topological invariant, the Chern number reex-
pressed in terms of single particle Green’s functions,
in a variety of fractional Hall states, where it is by no
means equal to the Hall conductance. We will see that,
quite generally, for the states described by a K-matrix
[9], this invariant is equal to the trace of that matrix. In
a non-Abelian Read—Rezayi state the invariant is
equal to M + 2, where M is defined as in [10]. In par-
ticular, in the Moore—Read (Pfaffian) state [11] at the
filling fraction v = 5/2, M = 1 and the invariant is
equal to 3. Finally, for the anti-Pfaffian state at v=15/2
the invariant is simply 1.

The method we use for calculating the invariant
relies on the detailed knowledge one typically has
about the low energy theory, and thus the Green’s
functions, of the edge of fractional Hall states. Indeed,
the Green’s functions in the bulk are generally not
known, thus evaluating the invariant directly in the
bulk does not seem to be possible. However, the edge
topological invariant requires only the knowledge of
the edge Green’s functions and can be evaluated
directly, which is what we do here. The bulk-boundary
correspondence states that the edge and bulk invariant
are equal, and thus the edge calculation directly pro-
duces the value of the bulk invariant.

The utility of this observation, in our opinion, lies
primarily in the possibility of evaluating the invariant
numerically. Indeed, if a quantum Hall state candidate
is found numerically by exact diagonalization, for
example, in order to facilitate its identification one
may be able to calculate the Green’s functions, and
the invariant, in this state. While the invariant does not
uniquely label different quantum Hall states as follows
from its values listed above, it provides an additional
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test which helps with the identification of the state
found approximately numerically. Note that here we
evaluate the invariant by looking at the edge theory of
the corresponding fractional Hall state. Numerically it
would not be convenient to look at the edge theory
directly, rather it is more convenient to construct the
theory on a sphere, for example. Then a direct evalua-
tion of the invariant in the bulk becomes possible,
which could be compared with the theoretical evalua-
tion via the edge theory.

This invariant may also prove useful in the search
for fractional quantum Hall analogs in interacting
topological insulators in three spatial dimensions.

To proceed, let us state the relationship between the
bulk invariant and the boundary as it stands in two
dimensions. Given the Green’s function for an infinite
two dimensional system G,(o, k,, k,),where ® is the
Matsubara frequency, k, and k, are two dimensional
momenta, and indices a, b refer to the bands and/or
spin and flavor of the fermions, the topological invari-
ant is written as

dod’k, 1 | |
Ny = e, J.TnztrG' 0,660,669, G, (1)
afy

where o, B, and y are summed over 0, 1, and 2; k, = ®;
k,=k,; and k, = k. The subscript 2 in NV, indicates that
this invariant is for two dimensional systems (suitable
generalizations exist in other dimensions).

This number is an integer regardless of the origin of
G(o, k,, k,). In the absence of interactions, G = [i® —
#]~', where # is the Hamiltonian of non-interacting
fermions. Then N, is equal to the combined Chern
number of the negative energy, single particle bands,
and thus coincides with the Hall conductance. In the
presence of interactions, it is no longer generally equal
to Hall conductance, but retains its topological nature
(remains strictly an integer).

The bulk-boundary correspondence can be stated as
N, = Ny(A) = No(=A), (2)

where N, is the edge topological invariant calculated
for the system with a single edge as

d L} " A} "
Ny(k) = ﬁjdx dx trG_l(co,x,x , k) 3)
X 0,G(w, x", x', k),

where G(w, x', x", k) is the Green’s function of a sys-
tem with a single edge, which depends on the momen-
tum k along the edge and the two coordinates x' and x"
perpendicular to the edge (since the system with an
edge is not translationally invariant in the perpendicu-
lar direction), and where A is a suitably chosen (suffi-
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ciently large) parameter. For the purpose of Eq. (3) the
inverse Green’s function G! is defined by

Y J Gl 5,3 )Gy, X" k)
b

= §,.5(x —x").

The edge invariant N, encodes the topological infor-
mation about the edge (in fact, signifies that the edge
isatopological metal [6]). For example, in the absence
of interactions Ny(A) — Ny(—A) is just the number of
chiral edge modes, so that Eq. (2) simply reflects the
fact that the number of chiral edge modes is equal to
the bulk conductance N,, something which is well
known and can be established in other ways. In the
presence of interactions, the meaning of Eq. (2) is a
little less transparent and was established in [12] to be
the difference between the number of chiral edge
modes and chiral edge zeros.

To further clarify this point, observe that if one
introduces the eigenvalues A, of G,

Y [l Gap(o., x5 v () = A, (x), ()
b
then

—0?

Ny(k) = ng%awlnxn =

1 ® = 0
2Tcalrg7»n|m : (6)
which is the sum of windings of the phases of A, as ®
goes from —oo to oo divided by 2. This last statement
can be used to calculate Ny(k) easily. In particular, in
the absence of interactions we have A, = 1/[io —
€,(k)], where €,(k) are the energy levels of the system
with an edge and with momentum k along the edge,
and N,y(k) can be calculated as

1

No(k) = 5-

o= 1
argh,|o_", = EZ sgne, (k).  (7)

Note that N, does not evaluate to an integer, because
of the slow decay of A, with . However, differences
will still take integer values. Thus Ny(A) — Ny(—A)
counts the number of energy levels whose energy
changes sign as k is varied from —A to +A. This is sim-
ply equal to the number of chiral edge modes. In the
presence of interactions, for example in case of frac-
tional Hall effect, the Green’s function eigenvalues
are no longer of this simple form. Instead, they gener-
ally have not only poles but also zeros as a function of
im, and N,(k) counts the difference of the signs of the
poles and zeros (see [12] for details).

Let us proceed to calculate the topological invari-
ant Eq. (1) for a variety of fractional Hall states. As a
warm up, let us first consider a simple Laughlin frac-
tional Hall state corresponding to the Hall conduc-
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tance c,, = 1/(2m + 1) and described by a K-matrix
which reduces to just one number, K = 2m + 1. The
edge Green’s function in the position space for such a
state is [13]

1
(x— Vt)2m+1’

where v is the velocity of its chiral excitations. Its Fou-
rier transform is given by [13]

G(x, 1) ~ ®)

iQt—ikx

(Q+ vk)™

a—vk =

G(Q, k) = Idxa’t €
(x—vt)

2m+ 1

This can be obtained, for example, by introducing new
variables s* = x + v7 in the integral.

We substitute the imaginary frequency o into Q =
io to find

G(w, k) ~ (’C‘H‘—Vk)zm
io—vk

(10)

Then we plug this into Eq. (3). We can now take
advantage of a simple relation, that for any function

g = (io-A)"/(io - B)" (11)
with some real 4 and B,
p do -1 1

90 9,8 = ~(BsgnB—asgnA) (12)
27 2

—00

(which follows from Eq. (6)). Then, the substitution of
Eq. (10) into Eq. (3) gives

Ny(A) = %(Qm +1)sgnA, (13)

so that
N, =2m+1 (14)

from Eq. (2). This is precisely the difference between
the number of chiral modes and chiral zeros, repre-
sented by the denominator and the numerator of
Eq. (10).

First of all, N, is indeed equal to the trace of K-
matrix, which in this case is just an odd integer. Also,
we see that /N, is by no means equal to c,,. At the same
time, this invariant is identical to the one computed
for integer quantum Hall effect with 2m + 1 filled Lan-
dau levels. Therefore, this invariant is not a unique
identifier of a state, and does not necessarily change if
a system undergoes a phase transition from an integer
to a fractional Hall state.

Let us now consider more general fractional Hall
systems described by a K-matrix. Their edge theory is
given by the action [13]

1
§= 24_7-5 J.dth[Kab8I¢aax¢b - Vabaxd)aaxd)b] . (15)
ab
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Here, V,, is the positive definite matrix of velocities of
edge excitations, while K is the K-matrix, the matrix
with integer entries which defines the topological
order of the fractional Hall state. In this representa-
tion, we assume the operators creating fermions at the
edge are

iz,,’ﬁ;;%
e .

W, = (16)

Let us compute the fermionic Green’s function, sub-
stitute it into Eq. (2), and compute N,.

To do that, it is advantageous first to note that since
V' is a positive definite symmetric matrix, we can
parameterize it in terms of some other symmetric
matrix O,

V=0
Changing the variables from ¢ to ¢ = O¢ (which
now has units of +/velocity ), we find the new action

(17)

S = Z]- [axdiio,007' KO 0.0~ 0.90.01. (1)
T

Here, the matrix notation for matrix products is used,
for brevity. It is now convenient to diagonalize the
symmetric matrix

0'k0"' = UiV, (19)

where I1 is a diagonal matrix, and U is an orthogonal
matrix, UTU = 1. Another change of variables

¢ = Uop
brings the action to the simple form (20)

(20)

§ = L3 [tdl0.0.00./v.- 0607 @D

a

Here, v, are the inverses of the diagonal entries of the
diagonal matrix II, which obviously have units of
velocity. It is straightforward to calculate the correla-
tion functions of ¢ now. They are given by

_ ~ ) dodk ikx —iot
(@u(x, N§,(0,0)) = —2mid,,, (= . (22)
2n) ok/v,—k
Doing the integral results in the expression
~ ~ L
(@a(x, N9y(0,0)) = [v,[In : (23)
X—v,t
where L is the system size.
Now we are interested in calculating
Gap = (Wa(x, D150, 0))

(24)

i Koeho(x, 1) —i 2 Kyyh4(0, 0)
e e

= )
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as follows from Eq. (16). To compute that, we work out
¢ in terms of ¢ to find

[zKacd)c(x’ t)] (szdd)d(O’ O)]
c d

= |:@UT|H| ln(x —];/H) U@J b,

where the expression in the square brackets is under-
stood as a product of matrices, and |[IT|In[L/(x — #/T1)]
is understood as a diagonal matrix with the diagonal
entries In[L/(x — v,#)]/|v,|. Finally, using the standard
formula of Gaussian integration

(25)

3064050~ ,(0.0)T°

<ei¢a(x, t)e—i¢b(0,0)> —e (26)
we find
G p(x, 1) ~ H S ) (27)
‘ ) o ZalOu)’
(x—vi1)*

A word must be said about why the off-diagonal terms
in G,, are zero. Evaluating these terms via Eq. (26)
gives, for their L-dependence,
123 [Z (UedOa- Ucd@dh)]zﬁ
G,~L . (28)
If a # b the exponent is negative (columns of UO are
linearly independent), so this goes to zero as L goes to
infinity, justifying the Kronecker delta in Eq. (27). If
a = b, this is equal to 1 and G,, does not depend on L
as indicated in Eq. (27). Equation (27) generalizes the
Green’s functions of fermions given by Eq. (8) to the
case of a generic K-matrix.
We now need to perform a Fourier transform
G (x, 7). This is hard to do in general, and we expect
that the answer is not as simple as it was in the previ-
ously considered case Eq. (9). However, all we are
interested in is a change in the argument of G,,(®, k)
as o is varied from —oo to oo, as explained in Eq. (6).
This can be found in a relatively straightforward way.
Let us calculate the Fourier transform of Eq. (27)
by introducing the imaginary time 1t = it directly,

iot—ikx

G0, k) = (29)

Here, o, = ﬁ (zd U.,0,.)?>0, v> 0 is some pos-
c

itive constant with the units of velocity, and x, = v,/v
are some numbers of an arbitrary sign. We are then
interested in calculating the change in the argument of
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G as k is kept fixed and o is swept from —oo to oo. Let us
show that this change is equal to

1 ® = m,
Ng(k) = Z_cargGaa((D’ k)|Q):—oo = ?sgnk, (30)

where Nj (k) is the contribution to Ny(k) from G, (it

needs to be summed over a to find Ny(k)) and m, is
defined as

m, = ) d.sgnx, = [OUTIUOL = K,,,  (31)

where m, is an integer because K is integer valued. To
show that this is a diagonal entry of K, we took advan-
tage of Eq. (19).

Now we go back to evaluating Eq. (29). We change
the variables from 1, x to

x+ivt = re. (32)

This gives (for brevity, we suppress the index a in
the Green’s function and as an upper index of o)

0

d T igreos(¢ - ¢o)
= [dp— ,
vr . .
0 -m H(cos¢ + ixcsmcl))a
c

where ¢, is the angle between the vectors (—k, ®/v)

and the vector (1, 0), X+ v , q =
JE + o’ / v ,and n = Za a., . We rewrite this integral

as

G = (33)

r =

_ qrdr |
G= j M_{ dd
eiqrcosd)

H (e:‘w +9) 1 +x, N e—i<¢ +o 1 — xc) e
2 2

(34)

X

c

Further analysis depends on whether x, are positive or

negative. If x, is positive, we take el(¢+¢") a1+ x.)/2
outside the appropriate bracket, otherwise we do the

same with ¢ " (1 —x,)/2. We find

T . .
. igrecos(¢) —imd
GNe,m%J'rd: J‘d¢ e ’
vr -2i .
o H(l +e ’(¢+¢0)Sanch)

c

(35)

where m was defined above in Eq. (31) and p, = (1 —

bec /(1 + ), lpe| < 1.
As o is swept from —oo to oo, ¢, grows from —7/2 to
n/2 if k <0 and decreases from 3n/2 to /2 if k> 0. We
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would like to know the change in the argument of G

im,

during this process. The outer explicit factor of e

obviously contributes mmsgnk to that change. Let us
argue that the rest of the expression does not contrib-
ute at all to the change of the argument. To do that, we

rewrite everything which multiplies eilm(b0 in this
expression as
T iqgreosd —imd
rdr e . (36)

=2i(¢ + ) senx, O
Pe)

. b
v H(l +e
c
It is clear that if all p, = 0 (which corresponds to all
velocities being equal to each other in magnitude and
equal to v), then this expression is independent of ¢,
and its argument does not wind at all as a function of
do- As p, values are increased, in order for the argu-
ment to start winding, one should be able to find such
®,, at some p,, that this expression is equal to zero (or
infinity, but this expression is finite as long as all |p,| < 1).

However, if this expression is zero, that means that
the Green’s function has a zero at those values of p,.
Zeros of the Green’s function can occur only at ® =0
(see page 168 of [14] or [12] for a slightly stronger ver-
sion of this statement with a more detailed discussion).
® = 0 corresponds to ¢, = 0 or ¢, = . However, if such
a zero was to occur, then for a related system with
velocities v,, = v/v,, where p, = —p,, the zeros would
occur at ¢ = /2 which contradicts the theorem that
zeros occur only at ® = 0 or ® = ©. Therefore, the end
result is that this is impossible. We conclude from this
that Eq. (36) does not wind around zero of the com-
plex plane as ¢, changes from —n/2 to ©/2, or from
3n/2 to w/2.

Taken together, this shows that indeed the contri-
bution to Ny(k) from G,, is given by Egs. (30) and (31)
to be K,,. Summing over all the entries of the Green’s
function we find that

No(k) = %sgnktr[(. (37)
That, in turn, leads to the anticipated answer,
N, = Ny(A) - Ny(-A) = trk. (38)

Note that this expression is not invariant under the
change of basis (going from the basic fields ¢, in
Eq. (15) to some linear combination thereof). Indeed,
the topological invariant is defined in the preferred
basis where the fermion operators are simply defined,
as in Eq. (16). It is possible to rewrite the expression
for the topological invariant in the basis independent
form with the help of the “electron lattice” matrix C
introduced in [15]; since, in the present context, the
purpose of this matrix would just be to take the matrix
Kback to the preferred “electron” basis, we omit this.
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Now, let us now briefly look at the non-Abelian
Read—Rezayi states [10] (which include the Pfaffian,
or Moore—Read, state as a particular case [11]). The
edge theory of these states includes one charged and
one neutral particle (a Luttinger liquid-type boson and
a parafermion, which reduces to a Majorana fermion
in case of the Moore—Read state). The Green’s func-
tions at the boundary can be easily derived from con-
formal field theory and are equal to

1

G~ )272/1\/(

(39)

(x— vt )M+2/N'
Here, N is the level of the Read—Rezayi state (N = 2
corresponds to the Pfaffian state) and M is an odd pos-
itive integer (even M would correspond to a bosonic
state which we do not discuss here). The filling frac-
tion of these states is known to be [10]

N
VvV =
MN +2
(this number represents the filling fraction of the par-
tially filled Landau level; in the presence of lower com-

pletely filled Landau levels the filling fraction can be
larger than this number by an integer).

It is now straightforward to use Egs. (29) and (30)
to find that the topological invariant is the sum of two
exponents in Eq. (39), or

N, = M+2.

X—v,t

(40)

(41)

Interestingly, it is independent of N. For the 5/2 pla-
teau in fractional Hall effect, understood as M = 1,
N = 2 Pfaffian state, this gives NV, = 3, the same as for
the Laughlin v = 1/3 state.

A final non-Abelian state of interest to us is the
anti-Paffian state at v =5/2 [16—18]. Its edge Green’s
function is given by

1
(x— v (x + v,1)

G~ (42)

Importantly, here the charged and neutral modes are
counterpropagating. As a result, employing Egs. (29)
and (30) we find that the topological invariant is the
difference of the two exponents in Eq. (42) or

Ny =1, 43)

the same as in the simple 6,, = e’/h integer quantum
Hall state. Note that in all these cases, the invariant N,
appears simply to reflect the scaling dimension of the
electron operator [13].

While the value of the invariant would not be help-
ful in trying to distinguish the anti-Pfaffian from a
simple integer Hall state, it can serve to distinguish the
Pfaffian (V, = 3) from the anti-Pfaffian (N, =1) v =
5/2 state.

In conclusion, we have defined an invariant N, for
fractional Hall states via Eq. (1) and calculated it for
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a variety of fractional and non-Abelian quantum Hall
states. We find that the invariant is not a unique iden-
tifier of the state; a phase transition can occur while
the invariant may stay the same. However, within the
standard low-energy descriptions employed here, it
appears that the invariant cannot change without a
phase transition since its value is defined by the state;
this should be contrasted with the situation in one-
dimensional systems where the invariant can change
without a phase transition [19].

We would like to add one final remark: it is possible
to try to define the invariant not via the Green’s func-
tions but rather via the phases (boundary conditions)
across the system [4] which can lead to an expression
equal to the fractional Hall conductance, unlike the
invariant constructed here, which is always an integer
and is not equal to the Hall conductance. This may be
an interesting avenue to pursue in the future.
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structure of the Green’s functions in Eq. (27).

REFERENCES
1. D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).

2. M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).

3

4,

15.

16.

17.

18.

19.

GURARIE, ESSIN

S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Lud-
wig, New J. Phys. 12, 065010 (2010).

Q. Niu, D. J. Thouless, and Y. S. Wu, Phys. Rev. B 31,
3372 (1985).

. S. Ryu, J. E. Moore, and A. W. W. Ludwig, Phys. Rev.

B 85, 045104 (2012).

. G. E. Volovik, The Universe in a Helium Droplet (Oxford

Univ. Press, Oxford, 2003), p. 275.

. A. M. Essin and V. Gurarie, Phys. Rev. B 84, 125132

(2011).

. X. Wan, A. M. Turner, A. Vishwanath, and S. Y. Savra-

sov, Phys. Rev. B 83, 205101 (2011).

. X. G. Wen and A. Zee, Phys. Rev. B 46, 2290 (1992).
10.
11.
12.
13.
14.

N. Read and E. Rezayi, Phys. Rev. B 59, 8084 (1999).
G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991).
V. Gurarie, Phys. Rev. B 83, 085426 (2011).

X. G. Wen, Adv. Phys. 44, 405 (1995).

A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski,
Methods of Quantum Field Theory in Statistical Physics
(Dover Publications, New York, 1975), p. 168.

J. Moore and X.-G. Wen, Phys. Rev. B 66, 115305
(2002).

M. Levin, B. I. Halperin, and B. Rosenow, Phys. Rev.
Lett. 99, 236806 (2007).

S.-S. Lee, S. Ryu, C. Nayak, and M. P. A. Fisher, Phys.
Rev. Lett. 99, 236807 (2007).

W. Bishara and C. Nayak, Phys. Rev. B 77, 165302
(2008).

S. R. Manmana, A. M. Essin, R. M. Noack, and
V. Gurarie, Phys. Rev. B 86, 205119 (2012).

JETP LETTERS Vol. 97 No. 4 2013



